Coupled oscillators such as lasers, OPO's and BEC polaritons can rapidly and efficiently dissipate into a stable phase locked state that can be mapped onto the minimal energy (ground state) of classical spin Hamiltonians. However, for degenerate or near-degenerate ground state manifolds, statistical fair sampling is required to obtain a complete knowledge of the minimal energy state, which needs many repetitions of simulations under identical conditions. We show that with dissipatively coupled lasers such fair sampling can be achieved rapidly and accurately by exploiting the many longitudinal modes of each laser to form an ensemble of identical but independent simulators, acting in parallel. We fairly sampled the ground state manifold of square, triangular and Kagome lattices by measuring their coherence function identifying manifolds composed of a single, doubly degenerate, and highly degenerate ground states, respectively.
Coupled oscillators such as lasers, OPO's and BEC polaritons can rapidly and efficiently dissipate into a stable phase locked state that can be mapped onto the minimal energy (ground state) of classical spin Hamiltonians. However, for degenerate or near-degenerate ground state manifolds, statistical fair sampling is required to obtain a complete knowledge of the minimal energy state, which needs many repetitions of simulations under identical conditions. We show that with dissipatively coupled lasers such fair sampling can be achieved rapidly and accurately by exploiting the many longitudinal modes of each laser to form an ensemble of identical but independent simulators, acting in parallel. We fairly sampled the ground state manifold of square, triangular and Kagome lattices by measuring their coherence function identifying manifolds composed of a single, doubly degenerate, and highly degenerate ground states, respectively. Various combinatorial optimization problems that occur in social networks, neural networks, management of large data sets, artificial intelligence, spin glass, drug discovery, protein folding, traveling salesman etc, are considered to be computationally hard problems [1, 2] . Such optimization problems can be mapped into classical spin systems (Ising or XY Hamiltonian), where they are reduced to finding the global minimum of the spin Hamiltonian [3] [4] [5] [6] . There has been significant interest in building efficient simulators that are based on physical systems, and recently some have been realized. These include simulators that involve coupled lasers [7, 8] , Bose-Einstein condensate (BEC) polaritons [3] and optical parametric oscillators (OPOs) [2, 5, 9, 10] . The success of this approach relies on finding efficiently and rapidly the ground state of the spin Hamiltonian [3, 10] . However, if the ground state is degenerate or nearly degenerate, this ground state manifold must be fairly sampled in order to obtain the full knowledge of the minimal energy state of the system, requiring many repetitions of the simulations under exactly the same conditions [6, [11] [12] [13] [14] .
In this letter, we present a new simulator for the XY spin Hamiltonian based on linearly coupled lasers that rapidly performs fair sampling by exploiting massive parallelism in the lasers spectral domain. Under the assumption of constant field amplitudes, the coupled lasers are well approximated as Kuramoto phase oscillators [15] . Then the phases of the lasers can be mapped to the classical XY spins, and the ground state of the classical XY Hamiltonian can be analogous to phase locked steady state of the coupled lasers [7] . Unlike finding the ground state of spin systems by cooling externally (related to the well-known Kibble-Zurek mechanism [16] [17] [18] [19] [20] [21] ), in coupled lasers the internal dissipation caused by coupling, drives the lasers into a globally stable phase locked state (minimal loss state), identical to the ground state of classical * Corresponding author: vishwa.pal@iitrpr.ac.in XY spin Hamiltonian [7, 8] . The advantages of dissipative mechanisms were also demonstrated in OPO's and BEC polaritons simulators [2, 3, 10] .
In our simulator, each laser consists of approximately 250 longitudinal modes that form an ensemble of approximately 250 identical but independent simulators of the XY spin Hamiltonian. This provides a massive parallelism that enables rapid and accurate fair sampling of the ground state manifold. In earlier work, we used nonlinear coupling where all the longitudinal modes formed all together a single simulator [22] . We directly measure the statistical average of spin ordering (magnetization) of the ground state manifold by measuring coherence between the lasers in different lattice geometries having single, double, and many degenerate ground states.
The coherence between the lasers is described as [23] 
where φ ij = φ i −φ j , and φ i and φ j are the phases of lasers i and j mapped to orientation angle of spins i and j, and . denotes averaging over the ensemble of simulators, that is achieved simultaneously with our coupled lasers. The experimental arrangement, array configurations and representative results are presented in Fig. 1 . Our coupled lasers in lattices are formed in a degenerate cavity shown schematically in Fig. 1 (a) (yellow shaded region). It is comprised of two mirrors, two lenses in a 4f telescope, a mask containing several hundred circular holes in different lattice geometries, and a Nd:YAG gain medium pumped by a 100 µs pulsed Xenon flash lamp. The intra-cavity 4f telescope ensures that any field distribution at the mask plane is imaged onto itself after every round-trip. Accordingly, each hole on the mask defines an independent individual laser [7, 8, 24] . Each laser lases with a nearly pure single Gaussian transverse mode (forced by a 200 µm diameter circular aperture located in the Fourier plane of the intra-cavity telescope) and approximately 250 longitudinal modes that are com-mon to all lasers due to the degenerate cavity condition [25] . We verified that lasers are independent, by show-FIG. 1. Experimental arrangement, lattice geometries, and representative results. (a) Schematic of a degenerate cavity laser (shaded in yellow) that forms and phase locks lasers in different lattice geometries, together with Mach-Zehnder interferometer (shaded in orange) for analyzing the coherence between the lasers. (b) Experimentally measured interference pattern when a single reference laser interferes with itself and with all the other lasers in the square lattice. Experimental near-field intensity patterns for (c) triangular lattice (positive coupling); (d) triangular lattice (negative coupling); and (e) Kagome lattice (negative coupling). (f) Landscape with a single ground state, corresponding to in-phase locked triangular lattice. (g) Landscape with two degenerate ground states, corresponding to vortex and anti-vortex states of out-of-phase locked triangular lattice. (g) Landscape with highly degenerate ground states, corresponding to 2 n states (n, the number of triangles) in the out-of-phase locked Kagome lattice. Note, for n = 2, only 1 state out of 4 states is shown. Different colors of the lasers denote different values of the phases. Cyan = 0; yellow = 2π/3; and pink = −2π/3. M1 and M2 denote high reflectivity and partial reflectivity cavity mirrors, M3 and M4 high reflectivity mirrors. L1, L2, L3, L4, L5, L6 plano-convex lenses, BS beam splitter, and CCD camera.
ing that each laser is incoherent with all the other lasers [8, 26] . Coupling between adjacent lasers is introduced by shifting mirror M 1 a distance d of quarter-Talbot length away from the mask [27] . Such a distance results in negative coupling between adjacent lasers, corresponding to anti-ferromagnetic ordering of classical XY spins [28] . Alternatively, d of half-Talbot length combined with Fourier filtering provides positive coupling between adja-cent lasers, corresponding to ferromagnetic ordering [29] .
The coherence between the lasers (Eq. (1)) is measured using a Mach-Zehnder interferometer, shown in Fig. 1 (a) (orange shaded region). The output of lasers from the degenerate cavity splits into two channels at the first beam splitter. In one channel, the output of all the lasers is imaged directly onto the CCD camera. In the other channel, a single reference laser is selected using a pinhole of size 50 µm, and then its light is expanded so that it fully overlaps and interferes with the light of all the lasers with a second beam splitter on the camera. Thus, a single selected reference laser interferes with itself and with all the other lasers. A small tilt between the two channels provides few interference fringes for each laser (exemplified in Fig. 1(b) for a square lattice) from which the fringe visibility (coherence) and shift (phase difference) are obtained for all lasers by digital Fourier analysis. The measured coherence function is normalized such that the coherence of the reference laser with itself is one. We also measure the far-field diffraction pattern of the lasers in lattice that corresponds to the ensemble averaged structure factor of the lattice [7] where sharp Bragg peaks indicate long range phase ordering between the lasers.
Using the experimental arrangement shown in Fig. 1 , we performed a series of experiments to demonstrate fair sampling of ground state manifold in square, triangular and Kagome lattices. We first phase locked about 320 lasers with positive coupling in a triangular lattice ( Fig. 1(c) ). The results in Fig. 2 ure 2(a) shows the far-field diffraction pattern of the lasers, where the sharp Bragg peaks indicate long range in-phase ordering. The measured coherence ( Fig. 2(b) ) of the lasers also evidences long range phase ordering and barely decays with distance from the reference laser. Finally, Fig. 2(c) shows the measured phases of the lasers (relative to the reference laser), confirming in-phase ordering throughout the lattice. The observed long range in-phase ordering evidences that the entire ensemble of experiments (realized by multiple longitudinal modes) converged to the same non-degenerate ground state, as expected from its single minimal loss manifold illustrated in Fig. 1(f) . This convergence is analogous to perfect ferromagnetic spin ordering of XY spins. We obtained long range (out-of-phase) ordering also for a square lattice with negative coupling (Fig. 1(b) ) that has the same single minimal loss manifold [26] .
Next, we investigated the triangular lattice of about 320 negative coupled lasers. Figure 3(a) shows the farfield diffraction pattern, which is comprised of six sharp Bragg peaks that indicate long range phase ordering. Three of these Bragg peaks correspond to a vortex state illustrated as the left ground state in Fig. 1 (g) and other three peaks correspond to an anti-vortex state illustrated as the right ground state in Fig. 1(g) [7, 29, 30] . These two degenerate ground states have (by symmetry) an equal probability, to be populated by the ensemble of experiments realized by the multiple longitudinal modes, as indicated by the equal intensity of their Bragg peaks in the diffraction pattern of Fig. 3 (a). The co-existence of the two degenerate ground states has remarkable consequences on the measured coherence function that oscillates where the coherence with respect to the reference laser revives every three lasers ( Fig. 3(b) ). This surprising behavior can be understood by noting that for the nearest neighbor (NN) and the next-nearest neighbor (NNN) lasers, the vortex and antivortex states differ by ± 2π/3. So their interference fringes are shifted and as result of ensemble averaging reduce the coherence to 50%. However, for the next-nextnearest neighbor (NNNN) laser these two states have the same relative phase, yielding coherence of 100% (and then the same 50%, 50%, 100% coherence periodicity repeated). Figure 3(c) shows the ensemble-averaged phases of the lasers, indicating phase difference of π (from the reference laser) between the nearest neighbors. This is analogous to XY spin systems, where XY spins oriented at + 2π/3 and − 2π/3 yield a magnitude half spin ori-ented at π in the ensemble averaging.
The XY spin Hamiltonian on a Kagome lattice ( Fig. 1(e) ) exhibits highly non-trivial features such as geometric frustration that arises due to massive degeneracy in it's ground state [7, 31, 32] . The degeneracy scales exponentially with the system size, thus performing fair sampling is a computationally hard problem [6, 11] . The results for fair sampling in a Kagome lattice with about 350 negatively coupled lasers are shown in Fig. 4 . Figure 4(a) shows the ensemble averaged far-field diffraction pattern that consists of large area Bragg lobes (rather than sharp peaks) indicating lack of long range phase ordering, in agreement with the theoretical results [7, 32] . Specifically, in Kagome lattice, each triangle of lasers can randomly find either the vortex or the anti-vortex degenerate ground state with equal probability, thereby suppressing long range phase ordering. Figure 4 (b) shows a rapid decay of coherence, indicating again lack of long range phase ordering. The coherence function can be quantitatively determined by calculating the probability distribution of states that have relative phase differences ±2π/3 or 0 with respect to the reference laser. For example, for NN, equal probability states with relative phases ±2π/3, reduce the coherence to 50%. For NNN and NNNN, the coherence is reduced to 25% and 12.5%, respectively [33] . More generally, at a distance n from the reference laser, the coherence continues to drop exponentially as 1/2 n . Figure 4(c) shows the ensemble averaged phase ordering, indicating a π (from the reference laser) phase difference between the nearest neighbors, analogous to the XY spin system.
We also investigated the coherence of the Kagome lattice when the intra-cavity Fourier aperture has large diameter, so that each laser is no longer a pure TEM 00 mode, and contains fine internal features which diffracts faster and can generate NNN coupling. The results, shown in Fig. 5 differ dramatically from those without NNN coupling of Fig. 4. Fig. 5(a) presents the ensemble averaged far-field diffraction pattern, which now consists of sharp narrow lines indicating long range phase ordering only along certain directions. Figure 5(b) shows the measured coherence that decays slowly along certain directions, confirming such anisotropic long range phase ordering. Figure 5(c) shows the ensemble averaged phases, which again indicates the relative phase difference of π (from the reference laser) between nearest neighbors. This intriguing, highly directional phase ordering is also observed in our numerical simulations [26] and is accompanied by spontaneous intensity pattern formation as in the stripe phase of ultracold atoms [34] . Finally, we have quantified the coherence as a function of distance from the reference laser, and compared the experimental results to the analytical ones [26] , as shown in Fig. 6 . Figure 6 (a) shows the normalized coherence as a function of the distance from the reference laser for positively and negatively coupled lasers in a triangular lattice. For the positively coupled lasers, the coherence decays slowly and monotonically (blue and red inverted triangles). As evident, the ensemble averaging does not reduce the coherence indicating a single non-degenerate ground state. For the negatively coupled lasers, both the analytical and experimental coherence show an oscillatory behavior as a function of distance from the reference laser (blue and red triangles), where the coherence revives every three lasers. This loss and revival of the ensemble averaged coherence with distance from the reference laser indicates two degenerate ground states. Figure 6(b) shows the normalized coherence as a function of the distance from the reference laser in a Kagome lattice with NN and NNN negative coupling. For NN negative coupling, the ensemble averaged coherence decays exponentially, in agreement with the analytical results [33] (blue and red stars). The exponential decay indicates massive degeneracy in the ground state that scales exponentially with the system size due to geometric frustration [7] . For NNN coupling, the ensemble averaged coherence decays much slower as a function of the distance from the reference laser (green stars), indicating reduced number of degenerate ground states.
In conclusion, we presented a simulator based on dissipatively coupled lasers for rapid and efficient fair sampling of magnetic ordering of XY spin Hamiltonian with ground state degeneracy. The simulator exploited 250 longitudinal modes of each laser to form an ensemble of 250 identical but independent simulators so as to provide massive parallelism in performing statistical fair sampling. We investigated the ground state manifold in different geometries such as square, triangular and Kagome lattices. For negative (positive) coupling, we observed a single ground state for the square (triangular) lattice, two degenerate ground states for the triangular lattice, and geometrically frustrated highly degenerate ground states for the Kagome lattice. For these cases, the corresponding spatial coherence functions are near-uniform, oscillatory and exponentially decaying. Under certain conditions, we also observed highly directional phase ordering in a Kagome lattice, indicating reduced ground state degeneracy. Our simulator with rapid fair sampling of ground state manifold could potentially be exploited to address various combinatorial optimization problems. We plan to extend our work to study the effects of defects on the ensemble averaged coherence in 2D lattices, and their influence on the ground state manifolds.
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I. UNCOUPLED LASERS IN SQUARE LATTICE
Here we show that without coupling the lasers in the lattice are independent from each other. The lattices of lasers are formed in a degenerate cavity, as shown in Fig. 1(a) (shaded in yellow) in the manuscript. The results for the square lattice are shown in Fig. S1 . Figure S1(a) shows the near-field intensity pattern of the lasers arranged in the square lattice, where the output from each laser is a Gaussian TEM 00 mode. Fig. S1(b) shows the ensemble averaged far-field diffraction pattern that consists of a broad Gaussian distribution, which indicates that the lasers are independent from each other [S1] . We also measured the interference pattern using a Mach-Zehnder interferometer shown in Fig. 1(a) (shaded in orange), where light from a single reference laser can interfere with itself and with the light from all other lasers. The results, shown in Fig. S1(c) indicate that fringes only appear at one laser site (see inset in Fig. S1(c) ), where the light from reference laser interferes only with itself. The corresponding coherence (fringe visibility) obtained by digital Fourier analysis is shown in Fig. S1(d) as a single spot, indicating that the selected laser is only coherent with itself and not with the other uncoupled lasers. These results confirm that the lasers in the array are independent and fully incoherent.
II. COUPLED LASERS IN SQUARE LATTICE
Here we show the effect of coupling on the square lattice of lasers. We introduce coupling between the lasers by means of Talbot diffraction [S2] , and then detect the effect on the output intensity distribution and coherence. The results are presented in Fig. S2 . Figure S2 sharp Bragg peaks with darkness in the center, indicating a long-range out-of-phase ordering. Figure S2(b) shows the interference pattern, where fringes were detected at all the laser sites, indicating a long range phase ordering. The analyzed coherence shown in Fig. S2 (c) also indicates a long range phase ordering, where it barely decays with distance from the reference laser (center laser). Finally, Fig. S2(d) ) shows the measured phases of the lasers (relative to the reference laser), confirming out-of-phase ordering throughout the lattice. All these results were obtained with ensemble averaging over 250 independent realizations, each corresponding to a different longitudinal mode. Accordingly, the detected long range out-of-phase ordering provides evidence that the entire ensemble of experiments (realizations) occupy the same non-degenerate ground state. This is equivalent to perfect anti-ferromagnetic spin ordering of XY spins.
III. TRIANGULAR ARRAY
Here we show the actual interference patterns from which we derived the coherence and phases in Figs. 2 and 3. Figure S3(a) shows the interference pattern for the positively coupled lasers in a triangular lattice. It shows uniform coherence where the fringes barely disappear with distance from the reference laser. Figure S3(b) shows the interference pattern of negatively coupled lasers, the interference pattern shows an oscillatory behavior, where coherence is maximal every third laser. 
IV. KAGOME ARRAY
Here we show the actual interference patterns from which we derived the coherence and phases in Figs. 4 and 5. Figure S4 (a) shows the interference pattern for the negatively coupled lasers in a Kagome lattice, where the operating mode of each laser is a pure TEM 00 . As evident, the fringes are present only in a small central region, indicating a fast decay of coherence from the reference laser. Figure S4(b) shows the interference pattern for the negatively coupled lasers, where the operating mode each laser is no longer a pure TEM 00 mode (consists of fine internal features). As evident, the fringes appear over long distances in certain directions, indicating a gradual decay of coherence from the reference laser along these certain directions. 
V. ANALYTICAL RESULTS AND NUMERICAL SIMULATIONS
A. Analytical results
Here we describe the method to calculate the decay of the coherence function shown in Fig. 6(a) for the triangular lattice of lasers. We attribute the decay of the measured coherence to aberrations and noise in our experimental arrangement [S3] . We first fitted the measured coherence of positively coupled lasers (in-phase ordered) with a
Gaussian decay function
where a = 1, b = 5.54 × 10 −3 , and x is the distance from the selected laser. The fitted curve is shown in Fig. S5 . We multiplied the uniform coherence function (f (x) = 1) of in-phase ordered triangular lattice and oscillatory coherence function of out-of-phase ordered triangular lattice (f (x) = 1, 0.5, 0.5, 1, ...) by this Gaussian decaying function (Eq. (1)), yielding the analytical results in Fig. 6(a) .
Furthermore, the decay of the coherence function for the Kagome lattice shown in Fig. 6(b) was analytically calculated by finding the probability distribution of states that have relative phase differences ±2π/3 or 0 with respect to the reference laser, and found to decay exponentially as 1/2 n , where n denotes the distance from the reference laser. For small aperture R = 1, Fig. S6(a) shows that the phase distribution in each laser is almost uniform (almost pure TEM 00 mode). The far-field diffraction pattern ( Fig. S6(c) ) shows large area Bragg lobes with diffusive lines similar to those in Fig. 4(a) , indicating lack of long-range phase ordering. For large aperture R = 1.2, the phase distribution in each laser is mostly non uniform (no longer pure TEM 00 mode). The far-field diffraction pattern ( Fig. S6(f) ) shows sharp lines similar to those in Fig. 5(a) , indicating long-range phase ordering only along certain directions.
